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2I. INTRODUCTION
The appearance of divergences in the ultra-violet (UV) region is one of the fundamental
problems in quantum field theory. The problem of UV completion is expected to be con-
nected to quantum gravity, because the UV divergence is naively considered to be related
to fine structures of spacetime.
Almost two decades ago, Padmanabhan [1, 2] and his collaborators [3, 4] considered
a UV completed propagator involving the ‘Planck length’ as a cutoff small-length scale.
Padmanabhan’s propagator was induced by the duality in the integrand kernel with a proper-
time parameter. More recently, Abel and his collaborators [5, 6] proposed their UV improved
propagator, which is also inspired by the integral over modular parameter in string theory.
Modification of integration measure or range was also offered by Siegel [7] at the beginning
of this century, motivated by an infinite derivative theory.
The authors who mentioned UV improved propagators studied and calculated various
physical quantities mainly in homogeneous Minkowski spacetime.1 Because the UV behavior
is believed to be concerned with quantum gravity, it will be important to study further on
physical results of the UV completion in non-trivial spacetimes.
The non-trivial space that can be handled most easily is a non-simply connected space.
In the present paper, Euclidean Kaluza–Klein space and space with a conical singularity are
adopted as background spaces.2 It is already known that the vacuum energy density and the
stress tensor of a scalar field can be obtained from the congruent limit of the propagator.
We will examine how the ‘Planck length’, which is used as a common synonym for the
fundamental cutoff length, works for the quantum quantities and compare the consequences
arising from the three modified Green’s functions (we use this term because we use the
Euclidean metric in this paper).
This paper is organized as follows. The next section contains a review of the Green’s
function for a massless scalar field and an introduction of three UV improved Green’s func-
tions, say, Padmanabhan’s type, Abel’s type, and Siegel’s type. They can be expressed by
the integral form of the heat kernel of the Laplacian. In Sec. III, we consider a partially
1 Only Padmanabhan and his collaborators also considered thermal effects in the Rindler space as well as
quantum effects including Casimir effect in Ref. [3], and quantum effects in the constant-curvature space
time in Ref. [4].
2 Thus, in the present paper, we do not deal with the problem on the UV behavior of the propagator in the
spacetime with the Lorentz signature (see, for example, Ref. [8]).
3compactified space a` la Kaluza-Klein. We calculate the vacuum energy density using three
UV improved Green’s functions in the non-simply connected space RD−1 ⊗ S1. The depen-
dence of the energy densities on the ratio of the circumference of S1 and the Planck length
is shown. In Sec. IV the expectation values for the stress tensor are computed for three type
Green’s function in a conical space. Finally, in Sec. V we conclude with a discussion of future
directions. At the end of this paper, we attach Appendices A and B, where mathematical
definitions and formulas are gathered, for convenience.
II. THREE UV IMPROVED GREEN’S FUNCTIONS AND THE HEAT
KERNELS IN HOMOGENEOUS AND ISOTROPIC EUCLIDEAN SPACE RD
Let us first recall some basic facts with standard Green’s functions and heat kernels of
a flat metric [9, 10]. Suppose that the standard Green’s function GD(x, x
′) of a massless
scalar field in a D-dimensional Euclidean space RD satisfies
−∆xGD(x, x′) = 1√
g
δD(x, x′) , (2.1)
where ∆ = 1√
g
∂µ
√
ggµν∂ν is the Laplacian operator acting on scalar fields and
1√
g
δD(x, x′)
is the D-dimensional covariant delta function.
The main tool that we use here is the heat kernel of the Laplacian. The heat kernel
KD(x, x
′; s) is introduced as a representation of the Green’s function written by using it:
GD(x, x
′) =
∫ ∞
0
dsKD(x, x
′; s) . (2.2)
Here, the heat kernel obeys the equation[
∂
∂s
−∆x
]
KD(x, x
′; s) = 0 , (2.3)
with the boundary condition lims→0KD(x, x′; 0) = 1√gδ
D(x, x′). Subsequently, the heat
kernel in RD is found to be
KD(x, x
′; s) =
∫
dDp
(2pi)D
exp
[−sp2] eip·(x−x′) = 1
(4pis)D/2
exp
(
−w
2
4s
)
, (2.4)
and the massless Green’s function reads
GD(x, x
′) =
Γ
(
D−2
2
)
4piD/2wD−2
≡ GD(w) , (2.5)
4where w ≡ √(x−x′)·(x−x′) and Γ(z) is the gamma function.
Next, we consider UV improved heat kernels and Green’s functions. Padmanabhan ad-
vocated a UV modified heat kernel [1, 2]
K
(P )
D (x, x
′; s) = KD(x, x′; s) exp
(
− l
2
p
4s
)
, (2.6)
where lp is interpreted as the Planck length. Obviously, Padmanabhan’s heat kernel leads
to the Green’s function G
(P )
D (w) in R
D, which can be written as
G
(P )
D (w) = GD
(√
w2 + l2p
)
. (2.7)
This shows the simplest introduction of the fundamental length lp in the Green’s function
of Padmanabhan’s type and it give rise to the UV completion.
Recently, Abel et al. considered another UV modified heat kernel [5, 6], which can be
regarded as3
K
(A)
D (x, x
′; s) = KD(x, x
′; s+
l4p
4s
) . (2.8)
In this case, the Green’s function can be expressed as
G
(A)
D (x, x
′) =
∫ ∞
l2p
dT
T√
T 2 − l4p
KD(x, x
′;T ) , (2.9)
after the change of integration variable. Performing the integral yields a complicate form
for the massless Green’s function of Abel’s type in RD:
G
(A)
D (x, x
′) =
1
2Dpi(D−1)/2lD−2p
[
Γ(D−2
4
)
2Γ(D
4
)
1F2(
D−2
4
; 1
2
, D
4
; w
4
64l4p
)−
w2
8l2p
Γ(D
4
)
Γ(D+2
4
)
1F2(
D
4
; 3
2
, D+2
4
; w
4
64l4p
)
]
, (2.10)
where pFq is the hypergeometric function. For D = 4, the expression (2.10) reads
G
(A)
4 (x, x
′) =
1
32pil2p
[
I0(
w2
4l2p
)− L0(w24l2p )
]
, (2.11)
where Iν(z) is the modified Bessel function of the first kind and Lν(z) is the modified Struve
function (see Appendix A).
3 The fundamental length lp can be freely chosen for each type of the kernel. For simplicity, we exploit a
common one to describe all three cases.
5Siegel suggested a simple UV completion [7], which is achieved by
K
(S)
D (x, x
′; s) = KD(x, x
′; s+ l2p) . (2.12)
Then, the Siegel-type Green’s function for a massless scalar field in RD reads
G
(S)
D (x, x
′) =
1
4piD/2wD−2
γ(D−2
2
, w
2
4l2p
) =
1
4piD/2wD−2
[
Γ(D−2
2
)− Γ(D−2
2
, w
2
4l2p
)
]
, (2.13)
where γ(z, α) and Γ(z, α) are the incomplete gamma functions which are defined by γ(z, α) ≡∫ α
0
tz−1e−tdt and Γ(z, α) ≡ ∫∞
α
tz−1e−tdt, respectively.
Obviously, taking the limit of lp → 0, we find
lim
lp→0
G
(P )
D (x, x
′) = lim
lp→0
G
(A)
D (x, x
′) = lim
lp→0
G
(S)
D (x, x
′) = GD(x, x′) . (2.14)
In the opposite limit, x′ → x, we get finite results immediately as
lim
x′→x
G
(P )
D (x, x
′) =
Γ
(
D−2
2
)
4piD/2lD−2p
,
lim
x′→x
G
(A)
D (x, x
′) =
Γ(D−2
4
)
2D+1pi(D−1)/2Γ(D
4
)lD−2p
,
lim
x′→x
G
(S)
D (x, x
′) =
1
2D−1(D − 2)piD/2lD−2p
, (2.15)
and find that they are O(l2−Dp ) as expected.
In the following sections, we generalize three UV improved Green’s functions to treat
quantum quantities in non-simply connected space.
III. UV IMPROVED GREEN’S FUNCTIONS AND VACUUM ENERGY
DENSITY IN A PARTIALLY COMPACTIFIED SPACE RD−1 ⊗ S1
We consider a D-dimensional space whose metric is given by
ds2 =
D−1∑
i=1
dz2i + dy
2 , (3.1)
where the coordinate y is the coordinate on a circle (S1) and we assume that 0 ≤ y < L,
where L is the circumference of the circle. The periodic boundary condition in the direction
of y is supposed to be applied on the massless scalar, i.e., φ(y + L) = φ(y). In this space,
6RD−1 ⊗ S1, the standard massless Green’s function takes the form
KD(z, z
′, y, y′; s) =
∞∑
n=−∞
1
L
∫
dD−1p
(2pi)D−1
exp
[
−s
(
p2 + 4pi
2n2
L2
)]
eip·(z−z
′)+i2pin(y−y′)/L
=
1
(4pis)D/2
∞∑
n=−∞
exp
[
−ζ
2 + (η − nL)2
4s
]
≡ KD(ζ, η; s) , (3.2)
where ζ =
√
(z−z′)·(z−z′) and η = y− y′. The second expression with the periodic summation
can be derived with the aid of the formula of the theta function (see Appendix A) as well
as from the method of images. We should also notice that the limit L→∞ yields the heat
kernel in RD.
In the subsections below, we study the Green’s functions of Padmanabhan-type, Abel-
type, and Siegel-type in RD−1 ⊗ S1, and the vacuum energies extracted from them.
A. Vacuum energy from Padmanabhan-type Green’s function
Padmanabhan-type Green’s function in RD−1 ⊗ S1 is found to be
K
(P )
D (ζ, η; s) = KD(
√
ζ2 + l2p, η; s) . (3.3)
We can calculate the effective action W from the trace of heat kernel. In the present case,
the effective action in terms of Padmanabhan’s heat kernel becomes
W
(P )
D =
1
2
L
∫
dD−1z
∫ ∞
0
ds
s
K
(P )
D (0, 0; s) =
1
2
L
∫
dD−1z
∫ ∞
0
ds
s
KD(lp, 0; s) . (3.4)
It is noteworthy that, because of the UV modification, a cutoff in s-integration or an addi-
tional power of s in the integrand is unnecessary.
Consequently, the one-loop vacuum energy density U
(P )
D = −W (P )D /VD−1, where VD−1 is
the (D − 1)-dimensional volume, reads
U
(P )
D (L) = −
1
2piD/2LD−1
∫ ∞
0
dt tD/2−1
∞∑
n=−∞
exp
[
−
(
n2 +
l2p
L2
)
t
]
= − 1
2piD/2LD−1
∫ ∞
0
dt tD/2−1ϑ3(0, it/pi) exp
[
− l
2
p
L2
t
]
, (3.5)
where ϑ3 denotes the Jacobi theta function (see Appendix A). Integrating the series by
term, we find
U
(P )
D (L) = −
Γ(D/2)
2piD/2
∞∑
n=−∞
L(
l2p + n
2L2
)D/2
7= −Γ(D/2)L
2piD/2lDp
− Γ(D/2)
piD/2
∞∑
n=1
L(
l2p + n
2L2
)D/2 . (3.6)
Since the first term in the last expression is the large L limit of U
(P )
D , we subtract it and
define the refined (or ‘renormalized’) effective potential
U¯
(P )
D (L) = U
(P )
D (L)− U (P )D (∞) = −
Γ(D/2)
piD/2
∞∑
n=1
L(
l2p + n
2L2
)D/2 . (3.7)
It should be noticed that, even if the one-loop vacuum energy density U
(P )
D is finite due
to UV completion, the huge contribution of the order of l−Dp should be renormalized or
compensated by some method. This attitude is taken in the subsequent sections. We will
come back to the discussion in Sec. V.
Now, the known result on standard one-loop scalar energy density for the Kaluza-Klein
theory, −Γ(D/2)ζR(D)
piD/2LD−1
(where ζR(z) is the Riemann’s zeta function) [11], can be obtained by
taking the limit lp → 0. Expanding U¯ (P )D in terms of a small lp/L, we obtain
U¯
(P )
D (L) = −
Γ(D/2)
piD/2LD−1
∞∑
n=1
1
nD
∞∑
k=0
(−1)kΓ(k +D/2)
Γ(D/2)k!
(
l2p
n2L2
)k
= − 1
piD/2LD−1
∞∑
k=0
(−1)kΓ(k +D/2)ζ(D− 2k)
k!
(
l2p
L2
)k
. (3.8)
On the other hand, we can obtain another expression by series
U¯
(P )
D (L) = −
Γ((D − 1)/2)
2pi(D−1)/2lD−1p
− 2
∞∑
n=1
(
n
lpL
)(D−1)/2
K(D−1)/2(2pilpn/L) , (3.9)
where, Kν(z) is the modified Bessel function of the second kind (see Appendix A), which
shows that U¯
(P )
D (0) = − Γ((D−1)/2)2pi(D−1)/2lD−1p is finite.
Further, we consider a complex massless scalar field Φ and assume a general boundary
condition
Φ(y + L) = eiδΦ(y) . (3.10)
Then, the vacuum energy density can be obtained as
U¯
(P )
D (L, δ) = −
2Γ(D/2)
piD/2
∞∑
n=1
L cos(nδ)(
l2p + n
2L2
)D/2 . (3.11)
Of course, U¯
(P )
D (L, 0) coincides with U¯
(P )
D (L). Additionally, U¯
(P )
D (L, δ) has a closed form
without integrals and summations provided that D is an even integer. For instance, for
8D = 4, one can find
U¯
(P )
4 (L, δ) =
L
2pi2l4p
− 1
4pil3p
cosh[lp(pi−δ)/L]+(lp/L)δ sinh[lp(pi−δ)/L]
sinh(lppi/L)
− 1
4l2pL
cosh(lpδ/L)
sinh2(lppi/L)
. (3.12)
Numeric analyses will be given in a later subsection, after derivation of vacuum energy
in terms of all the three types of Green’s functions, where we compare the result from each
scheme of UV completion.
B. Vacuum energy from Abel-type Green’s function
We define the effective action in RD−1 ⊗ S1 from Abel’s heat kernel, that is.
W
(A)
D =
1
2
L
∫
dD−1z
1
2
∫ ∞
0
ds
s
K
(A)
D (0, 0; s) =
1
2
L
∫
dD−1z
∫ ∞
l2p/2
ds
s
K
(A)
D (0, 0; s)
=
1
2
L
∫
dD−1z
∫ ∞
l2p
dT√
T 2 − l4p
KD(0, 0;T ) . (3.13)
It is notable that the factor 1/2 in front of the integration over s after the first equal sign
comes from the exact duality s ↔ l4p/(4s) in this one-loop integration. In a similar way to
Padmanabhan’s case, we define the refined vacuum energy density and the expression for
this vacuum energy is
U¯
(A)
D (L) = −
1
2piD/2LD−1
∫ L2
4l2p
0
dt
tD/2−1√
1− 16l4p
L4
t2
( ∞∑
n=−∞
e−n
2t − 1
)
= − 1
2piD/2LD−1
∫ L2
4l2p
0
dt
tD/2−1√
1− 16l4p
L4
t2
[ϑ3(0, it/pi)− 1] . (3.14)
For a complex scalar field with twisted boundary condition (3.10), the vacuum energy
density becomes
U¯
(A)
D (L, δ) = −
1
piD/2LD−1
∫ L2
4l2p
0
dt
tD/2−1√
1− 16l4p
L4
t2
( ∞∑
n=−∞
e−n
2t+inδ − 1
)
= − 1
piD/2LD−1
∫ L2
4l2p
0
dt
tD/2−1√
1− 16l4p
L4
t2
[ϑ3(δ/(2pi), it/pi)− 1] . (3.15)
9C. Vacuum energy from Siegel-type Green’s function
The effective action in RD−1 ⊗ S1 from Siegel’s heat kernel can be obtained by
W
(S)
D =
1
2
L
∫
dD−1z
∫ ∞
0
ds
s
K
(S)
D (0, 0; s) =
1
2
L
∫
dD−1z
∫ ∞
l2p
ds
s
KD(0, 0; s) . (3.16)
Similarly to the former cases, we define the refined vacuum energy density and the expression
for is is found to be
U¯
(S)
D (L) = −
1
2piD/2LD−1
∫ L2
l2p
0
dt tD/2−1
( ∞∑
n=−∞
e−n
2t − 1
)
= − 1
2piD/2LD−1
∫ L2
l2p
0
dt tD/2−1 [ϑ3(0, it/pi)− 1] , (3.17)
and the vacuum energy density from the twisted scalar field becomes
U¯
(S)
D (L, δ) = −
1
piD/2LD−1
∫ L2
l2p
0
dt tD/2−1
( ∞∑
n=−∞
e−n
2t+inδ − 1
)
= − 1
piD/2LD−1
∫ L2
l2p
0
dt tD/2−1 [ϑ3(δ/(2pi), it/pi)− 1] . (3.18)
D. Numerical comparison of three vacuum energy densities
In this subsection, we show the numerical results for the three types of vacuum energy
in the case of D = 5.
Fig. 1 shows the dependence of the vacuum energies on the magnitude of the Planck
length, lp/L. The value of L
4U¯5 is −3ζ(5)4pi2 = −0.0787 · · · in the limit of lp → 0. Each
dependence on lp/L is different. The value of L
4U¯5 of Abel-type takes a minimum at a finite
lp. The value of L
4U¯5 of Siegel-type varies moderately near lp/L ≪ 1. Note that, as we
simply take a common scale lp for three cases, the comparison in values at the same lp/L in
the figure has only qualitative meanings.
Fig. 2 shows the vacuum energy densities l4pU¯5 as functions of L/lp. All the vacuum
energy densities calculated from three UV improved Green’s functions have finite values at
L = 0. All of the absolute value of vacuum energy densities are monotonically decreasing
as functions of L. The deviation from the standard case without the fundamental scale
becomes large at L/lp < 1. The comparison of absolute values has little meaning, because
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FIG. 1. The vacuum energy densities regulated as L4U¯5 are plotted against the Planck length lp
divided by the circumference L of S1. The red curve indicates the Padmanabhan-type, the green
curve indicates the Abel-type, and the blue curve indicates the Siegel-type.
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FIG. 2. The vacuum energy densities l4pU¯5 are plotted against the circumference L of S
1 divided
by the Planck length lp. The black curve indicates the usual case, i.e., the case that the Planck
length is set to zero, the red curve indicates the Padmanabhan-type, the green curve indicates the
Abel-type, and the blue curve indicates the Siegel-type. The left plot (a) shows the range L/lp < 4,
while the right plot (b) shows the range L/lp < 6 with an enlarged vertical axis.
the Planck length for each three scheme is basically defined as an individual value. For large
L/lp, however, all the values for the energy densities are indistinguishable as expected.
The vacuum energy densities of a complex scalar field with the twisted boundary condition
U¯5(L, δ) are exhibited in Fig. 3. If we assume that L is kept at a finite value, a finite value
of the Planck length makes the effective potential with respect to δ flat in all the three
cases. The twisted parameter can be regarded as a dynamical variable, which comes from
11
the vacuum gauge field on S1 [12]. Furthermore, the possibility of the identification of such
a degree of freedom as an inflaton has been proposed by several authors [13, 14]. Because
the flat potential would be suitable for such inflationary scenarios, it can be said that the
effect of UV cutoff may also be relevant to the cosmological dynamics.
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FIG. 3. Plots of the vacuum energy densities of a complex scalar field with the twisted boundary
condition for (P) Padmanabhan-type, (A) Abel-type, and (S) Siegel-type.
IV. UV IMPROVED QUANTUM STRESS TENSORS IN A CONICAL SPACE
Let us turn to another non-trivial space, a conical space or space with a conical defect.
We take the coordinates for a conical space as
ds2 =
D−2∑
i=1
(dzi)2 + dr2 +
r2
ν2
dθ2 , (4.1)
where ν is a constant greater than unity. This metric is equivalent to
ds2 =
D−2∑
i=1
(dzi)2 + dr2 + r2dθ˜2 , (4.2)
where the range of θ˜ is 0 < θ˜ ≤ 2pi/ν. This metric adequately describes a locally flat
Euclidean space except for the coordinate origin if ν 6= 1. A space with a deficit angle is
often employed as a model space around a mathematically idealized straight cosmic string
[15].
The standard heat kernel in a conical space without fundamental length is known [16, 17]
and presented in the form in terms of x = (r, θ, zi) and x′ = (r′, θ′, z′i),
KD,ν(x, x
′; s) =
ν
(4pis)D/2
∞∑
m=−∞
eimϕIν|m|
(
rr′
2s
)
exp
[
−r
2 + r′2 + ζ2
4s
]
12
≡ KD,ν(r, r′, ϕ, ζ ; s) , (4.3)
where ϕ = θ − θ′ and ζ = |z − z′|. By using the formula
∞∑
m=−∞
eimϕIν|m|(z) =
1
ν
exp[z cos(ϕ/ν)]
+
1
2pi
∫ ∞
0
e−z cosh v
[
sin(ϕ− νpi)
cosh νv − cos(ϕ− νpi) −
sin(ϕ+ νpi)
cosh νv − cos(ϕ+ νpi)
]
dv , (4.4)
which can be derived from the integral form of the modified Bessel function
Iµ(z) =
1
2pi
∫ pi
−pi
ez cos θ cosµθ dθ − sin µpi
pi
∫ ∞
0
e−z cosh v−µv dv , (4.5)
the heat kernel KD,ν(r, r
′, ϕ, ζ ; s) can be recast in the form
KD,ν(r, r
′, ϕ, ζ ; s) = 1
(4pis)D/2
exp
[
− r2+r′2−2rr′ cos ϕ˜+ζ2
4s
]
+ e
−
r2+r′
2
+ζ2
4s
2pi(4pis)D/2
∫ ∞
0
e−
rr′
2s
cosh v
[
ν sin ν(ϕ˜−pi)
cosh νv−cos ν(ϕ˜−pi) − ν sin ν(ϕ˜+pi)cosh νv−cos ν(ϕ˜+pi)
]
dv , (4.6)
where ϕ˜ = ϕ/ν.
The first term in the right hand side of (4.6) coincides with the heat kernel KD(x, x
′; s)
in the locally flat space (4.2). One can also find that the expression in the brackets in the
second term in the right hand side of (4.6) vanishes when ν = 1. Therefore, it is convenient
to define the refined heat kernel K¯D,ν(x, x
′; s) ≡ KD,ν(x, x′; s)−KD(x, x′; s), i.e.,
K¯D,ν(x, x
′; s) = K¯D,ν(r, r′, ϕ, ζ ; s)
≡ e−
r2+r′
2
+ζ2
4s
2pi(4pis)D/2
∫ ∞
0
e−
rr′
2s
cosh v
[
ν sin ν(ϕ˜−pi)
cosh νv−cos ν(ϕ˜−pi) − ν sin ν(ϕ˜+pi)cosh νv−cos ν(ϕ˜+pi)
]
dv . (4.7)
Now, we introduce three types of refined heat kernels in the conical space, as the
previously-used way. They are:
K¯
(P )
D,ν(r, r
′, ϕ, ζ ; s) = K¯D,ν(r, r′, ϕ,
√
ζ2 + l2p; s) (4.8)
K¯
(A)
D,ν(r, r
′, ϕ, ζ ; s) = K¯D,ν(r, r′, ϕ, ζ ; s+
l4p
4s
) (4.9)
K¯
(S)
D,ν(r, r
′, ϕ, ζ ; s) = K¯D,ν(r, r′, ϕ, ζ ; s+ l2p) . (4.10)
The expectation value of the quantum stress tensor operator for a massless scalar field is
given by the limit, as in the case with the standard Green’s function [16–21] 4
〈T ρσ 〉(∗) = lim
x′→x
DρσG¯
(∗)
D,ν(x, x
′) ((∗) = (P ), (A), and (S)) , (4.11)
4 In the present paper, we disregard the possible modification on the stress tensor operator as well as the
reaction to the background metric.
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where G¯
(∗)
D,ν(x, x
′) =
∫∞
0
K¯
(∗)
D,ν(x, x
′; s)ds and Dρσ is the second order differential operator
Dρσ ≡ (1− 2ξ)∇ρ∇σ′ −
(
1
2
− 2ξ
)
δρσ∇λ∇λ′ − 2ξ(∇ρ∇σ − δρσ∇λ∇λ) . (4.12)
Here, ∇σ stands for a covariant derivative and ξ is the coupling between the scalar field and
the Ricci curvature R, which modified the scalar Laplacian −∆→ −∆+ ξR. In the conical
space presently considered, the curvature is zero everywhere outside the conical singularity
and the heat kernels and Green’s functions are unchanged. Thus, the aforementioned relation
G¯
(∗)
D,ν(x, x
′) =
∫∞
0
K¯
(∗)
D,ν(x, x
′; s)ds is held even in the case of ξ 6= 0.
Hereafter, we concentrate ourselves on the case with D = 4, unless especially mentioned
on D. As in the preceding section, the numerical estimation will be exhibited all at once in
the last subsection.
A. The refined Green’s function and quantum stress tensor
It is known that the standard, full (not refined) Green’s function without a cutoff scale in a
conical space can be written in a simple closed form forD = 4 [20]. Thus, the Padmanabhan-
type Green’s function is easily obtained by the replacement ζ →√ζ2 + l2p as
G
(P )
4,ν (x, x
′) =
1
8pi2rr′ sinh u
ν sinh νu
cosh νu− cos νϕ˜ , (4.13)
where cosh u =
r2+r′2+ζ2+l2p
2rr′
or sinh u
2
=
√
(r−r′)2+ζ2+l2p
4rr′
. As for the Padmanabhan-type vac-
uum averages, the use of this expression is easily handled.
First of all, we consider the vacuum expectation value of φ2 in the conical space [20]. In
the present case, this is given by
〈φ2〉(P )(x) = G¯(P )4,ν (x, x) , (4.14)
where
G¯
(P )
4,ν (x, x
′) = G(P )4,ν (x, x
′)−G(P )4,1 (x, x′) . (4.15)
A straightforward calculation with the expression (4.13) yields
〈φ2〉(P )(r) = 1
4pi2l2p
(f1 − 1) , (4.16)
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where
f1 ≡
νlp coth
(
ν sinh−1 lp
2r
)
√
l2p + 4r
2
. (4.17)
It is worth noting that f1 ≡ 1 for ν = 1, while limlp/r→0 f1 = 1 and limlp/r→∞ f1 = ν for
ν > 1.
For small l2p/r
2, we find
〈φ2〉(P )(r) = ν
2 − 1
48pi2r2
(
1− (ν
2 + 11)l2p
60r2
+O(l4p/r
4)
)
. (4.18)
Therefore, the effect of the Planck length vanishes far from the conical singularity sitting on
the origin. Of course, the limit of lp = 0 gives the standard result in a conical space [20].
Now, we consider the quantum stress tensor of Padmanabhan-type in the conical space.
Using the formula (4.11), we obtain5
〈T rr 〉(P ) =
1
pi2l4p
[
− r
2
l2p + 4r
2
f3 +
l4p − 8l2pr2 − 12r4
6(l2p + 4r
2)2
f2 −
2l4p + 5l
2
pr
2 + 6r4
3(l2p + 4r
2)2
f1 +
1
2
]
+
1
pi2l2p
(
ξ − 1
6
)
f2 − f1
l2p + 4r
2
, (4.19)
〈T θ˜
θ˜
〉(P ) = 1
pi2l4p
[
l2p + 3r
2
3(l2p + 4r
2)
f3 −
l4p + 16l
2
pr
2 + 36r4
6(l2p + 4r
2)2
f2 −
2l4p + 11l
2
pr
2 + 18r4
3(l2p + 4r
2)2
f1 +
1
2
]
+
1
pi2l2p
(
ξ − 1
6
)[
2
l2p + 4r
2
f3 −
l2p + 16r
2
(l2p + 4r
2)2
f2 −
l2p − 8r2
(l2p + 4r
2)2
f1
]
, (4.20)
〈T zz 〉(P ) ≡ 〈T z1z1 〉(P ) = 〈T z2z2 〉(P )
=
1
pi2l4p
[
− l
2
p + 6r
2
6(l2p + 4r
2)
f3 −
r2(l2p + 2r
2)
(l2p + 4r
2)2
f2 −
l4p + 4l
2
pr
2 + 6r4
3(l2p + 4r
2)2
f1 +
1
2
]
+
1
pi2l2p
(
ξ − 1
6
)[
2
l2p + 4r
2
f3 − 12r
2
(l2p + 4r
2)2
f2 −
2(l2p − 2r2)
(l2p + 4r
2)2
f1
]
, (4.21)
where
f2 ≡
ν2l2p
4r2 sinh2
(
ν sinh−1 lp
2r
) , f3 ≡ ν
3l3p coth
(
ν sinh−1 lp
2r
)
4r2
√
l2p + 4r
2 sinh2
(
ν sinh−1 lp
2r
) . (4.22)
It should be noticed that f2 = f3 ≡ 1 for ν = 1, while limlp/r→0 f2 = limlp/r→0 f3 = 1 and
limlp/r→∞ f3 = limlp/r→∞ f3 = 0 for ν > 1.
5 Bear in mind that ∇θ˜∇θ˜ = ∂2θ˜ + r∂r .
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For small l2p/r
2, they reveal
〈T rr 〉(P ) =
ν4 − 1
1440pi2r4
− (ν
2 − 1)(ν4 + 8ν2 + 57)l2p
15120pi2r6
+
(
ξ − 1
6
)[
− ν
2 − 1
24pi2r4
+
(ν2 − 1)(ν2 + 11)l2p
720pi2r6
]
+O(l4p/r
8) , (4.23)
〈T θ˜
θ˜
〉(P ) = − ν
4 − 1
480pi2r4
+
(ν2 − 1)(4ν2 − 1)(ν2 + 3)l2p
30240pi2r6
+
(
ξ − 1
6
)[
ν2 − 1
8pi2r4
− (ν
2 − 1)(ν2 + 11)l2p
144pi2r6
]
+O(l4p/r
8) , (4.24)
〈T zz 〉(P ) =
ν4 − 1
1440pi2r4
− (ν
2 − 1)(2ν4 + 9ν2 + 37)l2p
30240pi2r6
+
(
ξ − 1
6
)[
ν2 − 1
12pi2r4
− (ν
2 − 1)(ν2 + 11)l2p
180pi2r6
]
+O(l4p/r
8) . (4.25)
Again, the limit of lp = 0 gives the standard results in a conical space [20].
We find that ∇µ〈T µν〉(P ) 6= 0 for finite lp. That is
∇λ〈T λr 〉(P ) = ∂r〈T rr 〉(P ) + 1r (〈T rr 〉(P ) − 〈T θ˜θ˜ 〉(P ))
=
(ν2 − 1)(2ν4 + 23ν2 + 191)l2p
10080pi2r7
+O(l4p/r
9) . (4.26)
This is obvious, because Padmanabhan-type Green’s function does not satisfy−∆xG(P )D (x, x′) =
1√
g
δD(x, x′) for finite lp. By the way, Abel-type and Siegel-type Green’s functions also do
not satisfy the relation. The conservation of the stress tensor will be established in the
region r ≫ lp.
The trace of the quantum stress tensor is found to be
〈T λλ 〉(P ) = −
(ν2 − 1)(2ν4 + 23ν2 + 191)l2p
30240pi2r6
+
(
ξ − 1
6
)[
ν2 − 1
4pi2r4
− (ν
2 − 1)(ν2 + 11)l2p
60pi2r6
]
+O(l4p/r
8) , (4.27)
and it is not zero for finite lp even if ξ = 1/6 (the conformal coupling), but tends to zero as
r/lp increases.
For calculation of Abel-type Green’s function, we use the refined heat kernel mentioned
at the beginning of the present section. We find
G¯
(A)
4,ν (x, x
′) =
∫ ∞
0
K¯
(A)
4,ν (x, x
′; s)ds
=
∫ ∞
l2p
TdT√
T 2−l4p
e−
r2+r′
2
+ζ2
4T
2pi(4piT )2
∫ ∞
0
e−
rr′
2T
cosh v
[
ν sin ν(ϕ˜−pi)
cosh νv−cos ν(ϕ˜−pi) − ν sin ν(ϕ˜+pi)cosh νv−cos ν(ϕ˜+pi)
]
dv
16
=
∫ 1
0
dt
l2p
√
1−t2
e
−
r2+r′
2
+ζ2
4l2p
t
2pi(4pi)2
∫ ∞
0
e
− rr′
2l2p
t cosh v
[
ν sin ν(ϕ˜−pi)
cosh νv−cos ν(ϕ˜−pi) − ν sin ν(ϕ˜+pi)cosh νv−cos ν(ϕ˜+pi)
]
dv
= 1
64pi2l2p
∫ ∞
0
[
I0( r
2+r′
2
+2rr′ cosh v+ζ2
4l2p
)− L0( r2+r′2+2rr′ cosh v+ζ24l2p )
] [
ν sin ν(ϕ˜−pi)
cosh νv−cos ν(ϕ˜−pi) − ν sin ν(ϕ˜+pi)cosh νv−cos ν(ϕ˜+pi)
]
dv .
(4.28)
For Siegel-type Green’s function, we again use the refined heat kernel and obtain refined
Green’s function. That is,
G¯
(S)
4,ν (x, x
′) =
∫ ∞
0
K¯
(S)
4,ν (x, x
′)ds
=
∫ ∞
l2p
ds
e−
r2+r′
2
+ζ2
4s
2pi(4pis)2
∫ ∞
0
e−
rr′
2s
cosh v
[
ν sin ν(ϕ˜−pi)
cosh νv−cos ν(ϕ˜−pi) − ν sin ν(ϕ˜+pi)cosh νv−cos ν(ϕ˜+pi)
]
dv
=
1
8pi3
∫ ∞
0
1−e
−
r2+r′
2
+2rr′ cosh v+ζ2
4l2p
r2+r′2+2rr′ cosh v+ζ2
[
ν sin ν(ϕ˜−pi)
cosh νv−cos ν(ϕ˜−pi) − ν sin ν(ϕ˜+pi)cosh νv−cos ν(ϕ˜+pi)
]
dv . (4.29)
From these refined Green’s functions, we can enumerate the vacuum fluctuation 〈φ2〉 and
the quantum stress tensor in an analogous way. Numerical results obtained from the Green’s
functions will be given in the next subsection.
B. Numerical comparison of dependence of three expectation values for φ2 and
three stress tensors on the Planck length
The expectation value of φ2 is given by
〈φ2〉(∗)(x) = G¯(∗)4,ν (x, x) ((∗) = (P ), (A), and (S)) , (4.30)
for three types of Green’s functions. Fig. 4 shows the values of r2〈φ2〉 as functions of lp/r
and ν for three types. Except for the slight rise found in the Able’s type, the expectation
values of φ2 decrease (and remain positive) for larger values of the Planck length at fixed r,
and they increase as ν increases as in the standard case with no cutoff scale [20]. Of course,
we find that limlp/r→ r
2〈φ2〉 = ν2−1
48pi2
≈ 0.00211086× (ν2 − 1) for all the types.
The quantum stress tensors can be obtained from the formula (4.11) with (4.12) and the
Green’s functions in the previous subsection. We exhibit r4〈T rr 〉 in Fig. 5, r4〈T θ˜θ˜ 〉 in Fig. 6,
and r4〈T zz 〉 in Fig. 7, with a common choice, ξ = 1/6. As in the case of r2〈φ2〉, quantities
of Abel-type seem to have a small rise in the absolute values around lp/r ∼ 0.5. Except for
this feature, Abel-type quantities almost resemble Siegel-type quantities.
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FIG. 4. r2〈φ2〉 is plotted against lp/r and ν, for (P) Padmanabhan-type, (A) Abel-type, and (S)
Siegel-type.
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FIG. 5. r4〈T rr 〉 for ξ = 1/6 is plotted against lp/r and ν, for (P) Padmanabhan-type, (A) Abel-type,
and (S) Siegel-type.
The trace of the quantum stress tensor does not vanish for finite lp even if ξ = 1/6 in
each case. Fig. 8 shows r4〈T λλ 〉 for ξ = 1/6 in each case. We find, of course, r4〈T λλ 〉 = 0 if
lp = 0 in each case.
Inclusion of lp tinily violates conservation law ∇λ〈T λσ 〉 = 0. Fig. 9 shows r5∇λ〈T λr 〉 for
ξ = 1/6 in each case. We naturally find that this value vanishes in each case if lp = 0.
C. The expectation values in the neighborhood of the origin r = 0
In this subsection, we would like to investigate the values of 〈φ2〉 and 〈T ρσ 〉 in three UV
improved schemes near and at the origin r = 0, where a conical singularity is located.
Recall that, in the standard scheme without fundamental length, they behave 〈φ2〉 ∝ 1/r2
and 〈T ρσ 〉 ∝ 1/r4 in four dimensions, thus the values of them diverge at the origin.
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and (S) Siegel-type.
In Fig. 10, the values of l2p〈φ2〉 are plotted against r/lp and ν for three cases of Green’s
functions. We find that 〈φ2〉 is finite at r = 0 and a monotonic function of both r and ν for
each type.
The limiting value 〈φ2〉(0) can be obtained in a rigorous form for each type, even in
general dimensions. To this end, we remark, from (4.7),
K¯D,ν(0, 0; s) =
1
2pi(4pis)D/2
∫ ∞
0
[− 2ν sin νpi
cosh νv−cos νpi
]
dv =
ν − 1
(4pis)D/2
= (ν − 1)KD(0, 0; s) , (4.31)
and we find
〈φ2〉(∗)(0) = (ν − 1)G(∗)D (0, 0) ((∗) = (P ), (A), and (S)) . (4.32)
Here, we should recall that G
(∗)
D (x, x
′) is the Green’s function in the space without singularity.
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According to (2.15), the values for D = 4 are found to be
G
(P )
4 (0, 0) =
1
4pi2l2p
, G
(A)
4 (0, 0) =
1
32pil2p
, G
(S)
4 (0, 0) =
1
16pi2l2p
. (4.33)
Therefore, the value of vacuum fluctuation from Padmanabhan-type Green’s function in four
dimensions can be confirmed at the special point r = 0 by using (4.16) with (4.17).
The stress tensors near the origin are shown in Figs. 11–14. We exhibit l4p〈T rr 〉 in Fig. 11,
l4p〈T θ˜θ˜ 〉 in Fig. 12, l4p〈T zz 〉 in Fig. 13, and l4p〈T λλ 〉 in Fig. 14, with a common choice, ξ = 1/6.
The values of 〈T ρσ 〉(∗)(0) are also analytically expressed, similarly to the case with the
values of 〈φ2〉(0), containing G(∗)D+2(0, 0) in the present case, however.6 That is:
〈T rr 〉(∗)(0) = 〈T θ˜θ˜ 〉(∗)(0) = −4piG
(∗)
D+2(0, 0)
[
(D−2)[D(ν−1)+1]
4(D−1) + ν
(
ξ − D−2
4(D−1)
)]
, (4.34)
6 The essential formulas for integration are collected in Appendix B.
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FIG. 11. l4p〈T rr 〉 for ξ = 1/6 is plotted against r/lp and ν, for (P) Padmanabhan-type, (A) Abel-
type, and (S) Siegel-type.
〈T zz 〉(∗)(0) = −4piG(∗)D+2(0, 0)
[
D(D−3)(ν−1)−2
4(D−1) + 2ν
(
ξ − D−2
4(D−1)
)]
, (4.35)
〈T λλ 〉(∗)(0) = −4piG(∗)D+2(0, 0)
[
D(D−2)(ν−1)
4(D−1) + 2(D − 1)ν
(
ξ − D−2
4(D−1)
)]
, (4.36)
where the choice ξ = D−2
4(D−1) is called the conformal coupling in D dimensions. Incidentally,
the values of the coincidence limit of G
(∗)
D+2(0, 0) for D = 4 are found to be
G
(P )
6 (0, 0) =
1
4pi3l4p
, G
(A)
6 (0, 0) =
1
64pi3l4p
, G
(S)
6 (0, 0) =
1
128pi3l4p
. (4.37)
It is interesting to point out that there is the relevance to the Green’s function in ‘other
dimensions’ and it reminds us of discussion in Ref. [22].
We find that quantum stress tensors 〈T ρσ 〉 are finite even if ν = 1.7 Although the origin
of this ‘anomaly’ has not been elucidated yet, this will be discussed later in Sec. V.
7 For Padmanabhan’s type, it is caused from the singularities in functions f2 and f3 at (ν, r) = (1, 0).
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FIG. 13. l4p〈T zz 〉 for ξ = 1/6 is plotted against r/lp and ν, for (P) Padmanabhan-type, (A) Abel-
type, and (S) Siegel-type.
Finally, we show l5p∇λ〈T λr 〉 in Fig. 15 in each case. This value is non-zero near the conical
singularity but rapidly falls off to zero at r ≫ lp in each case.
V. CONCLUSION
We have presented the vacuum expectation values for a massless scalar field obtained from
three types of the UV improved Green’s functions in non-simply connected spaces. Although
the behavior of these values in a various range of scale is almost common, the quantities
calculated from Abel-type Green’s function shows a minute behavior if the typical scale
of the system is close to the Planck scale, i.e., the cutoff scale. Interestingly, the present
results should be directly relevant to the study of the Unruh effect [23–25] and the quantum
inconsistency of the space with closed timelike curves [26].
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type, and (S) Siegel-type.
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FIG. 15. l5p∇λ〈T λr 〉 for ξ = 1/6 is plotted against r/lp and ν, for (P) Padmanabhan-type, (A)
Abel-type, and (S) Siegel-type.
The UV improved Green’s functions we examined in this paper are mathematically simple
ones, where the Planck length is introduced ‘by hand’, though certain physical motivation
exists for each type of UV modification. Through the present study, however, it is revealed
that the quantum quantities have slightly different behaviors around the small scale ac-
cording to the type of UV completion. These results would be useful when we pursue the
fundamental origin of UV completion and when we consider the back-reaction of quantum
effects to space(time) structure. In any case, the mechanism of UV completion will require
further investigation.
The ‘anomaly’ encountered in the quantum stress tensors just at the conical singularity
should be investigated further. This should be linked to the prescription of ‘refinement’ or
‘renormalization’ of the quantum quantities. The finite but comparatively large values of
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order l−np (n is a positive integer) in quantum corrections have not ever been observed and
should not directly affect known physical consequence. Anyway, the ‘renormalization’ such
as 〈Tρσ〉 = 〈Tρσ〉 − limν→1〈Tρσ〉 can also be allowed, so we think that it would be necessary
to study the connection between the renormalization and the back-reaction problem, where
we should reconsider coupling to space(time) geometry.
Generalizing to other situations should also be possible. We have restricted our attention
to the massless scalar case in this paper. The extension of the present analyses to massive
cases should be straightforward, at least for the models of Padmanabhan-type and Siegel-
type. It would be interesting to generalize our study to calculations in curved spaces or near
black holes, including scattering problems with UV completion. Although the general treat-
ment of the curved background might be hard, we may start with adopting a perturvative
expansion around a trivial space.
Alternatively, the most direct generalization is considering constant-curvature back-
ground spaces, such as SN corresponding to Euclidean de Sitter space and HN correspond-
ing to Euclidean anti-de Sitter space. The standard heat kernel in such spaces are already
known (see, for example, Ref. [10]). Accordingly, the quantum effects around BTZ black
holes [27–30] with UV completion are within the scope of feasible study in near future.
We think that mathematical properties of Green’s functions and heat kernels with the
cutoff scale is also an interesting subject to study. We have already seen that the conservation
law and the conformal symmetry are violated and broken by introducing the Planck length
in three cases studied in this paper. In an academic point of view, we should study where,
when, and how such fundamental law and symmetry can be protected in more general way
of UV completion with close inspection. That is to say, we should take corrections in the
definition of the stress tensor and field equations into account. In addition, we intend to
investigate the mathematical nature of the heat kernel in the UV completion schemes. For
example, we notice the fact that the standard heat kernel without cutoff scale in a direct-
product space is the product of the heat kernels associated to two spaces. The fundamental
‘rule’ in this level may yield a new guideline in theoretical research of physical contribution
from very small scale physics.
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Appendix A: definitions of special functions and their properties
Almost all definitions and properties of the special functions exhibited below can be found
in Ref. [31].
1. Modified Bessel function of the first kind
Iν(z) =
2(z/2)ν√
pi Γ(ν + 1
2
)
∫ pi/2
0
cosh(z cos θ) sin2ν θdθ
=
1
2pi
∫ pi
−pi
ez cos θ cos νθ dθ − sin νpi
pi
∫ ∞
0
e−z cosh v−νv dv . (A1)
The integral formula
∫ ∞
0
e−pxIν(cx)dx =
cν√
p2 − c2(p+
√
p2 − c2)ν (A2)
leads to (4.13) from (4.3).
2. Modified Struve function
Lν(z) =
2(z/2)ν√
pi Γ(ν + 1
2
)
∫ pi/2
0
sinh(z cos θ) sin2ν θdθ . (A3)
3. Jacobi’s theta function
ϑ3(v, τ) = 1 + 2
∞∑
n=1
eτpiin
2
cos(2npiv) = epii/4τ−1/2e−piiv
2/τϑ3(v/τ,−1/τ) . (A4)
Consequently, one can find
∞∑
n=−∞
e−4pi
2(n+δ)2s/L2e2pii(n+δ)y/L =
L√
4pis
∞∑
n=−∞
e−(y−nL)
2/(4s)+2piδin . (A5)
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4. Modified Bessel function of the second kind
Kν(z) = K−ν(z) =
1
2
(z
2
)ν ∫ ∞
0
exp
[
−t− z
2
4t
]
t−ν−1dt
=
1
2
∫ ∞
−∞
exp [−νt− z cosh t] dt =
∫ ∞
0
exp [−z cosh t] cosh νt dt . (A6)
Kν(z) ∼ 2
ν−1Γ(ν)
zν
z → 0 , Kν(z) ∼
√
pi
2z
e−z z →∞ . (A7)
5. Summation formulas
∞∑
n=1
cos(nδ)
n2 + a2
=
pi
2a
cosh[a(pi − δ)]
sinh(api)
− 1
2a2
. (A8)
∞∑
n=1
cos(nδ)
(n2 + a2)2
= − 1
2a4
+
pi
4a3
cosh[a(pi − δ)] + aδ sinh[a(pi − δ)]
sinh(api)
+
pi2
4a2
cosh(aδ)
sinh2(api)
. (A9)
Appendix B: integration formulas
The formulas below have been used in calculations of quantum expectation values in the
limit r → 0 in Sec. IV.
∫ ∞
0
−2ν sin νpi
cosh νv − cos νpidv = 2pi(ν − 1) (ν > 1) , (B1)
∫ ∞
0
−2ν sin νpi
cosh νv − cos νpi cosh v dv = 2pi (ν > 1) , (B2)
∫ ∞
0
ν3 sin νpi(−3 + 2 cos νpi cosh νv + cosh 2νv)
(cosh νv − cos νpi)3 dv = 0 (ν > 1) , (B3)
∫ ∞
0
ν3 sin νpi(−3 + 2 cos νpi cosh νv + cosh 2νv)
(cosh νv − cos νpi)3 cosh v dv = 2pi (ν > 1) . (B4)
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